Five Constructions of Permutation Polynomials over $\gf(q^2)$ by Ding, Cunsheng & Yuan, Pingzhi
ar
X
iv
:1
51
1.
00
32
2v
2 
 [c
s.I
T]
  1
1 N
ov
 20
15
Five Constructions of Permutation Polynomials over GF(q2)
Cunsheng Dinga, Pingzhi Yuanb
aDepartment of Computer Science and Engineering, The Hong Kong University of Science and Technology, Clear
Water Bay, Kowloon, Hong Kong, China
bSchool of Mathematics, South China Normal University, Guangzhou 510631, China
Abstract
Four recursive constructions of permutation polynomials over GF(q2) with those over GF(q)
are developed and applied to a few famous classes of permutation polynomials. They produce
infinitely many new permutation polynomials over GF(q2ℓ) for any positive integer ℓ with any
given permutation polynomial over GF(q). A generic construction of permutation polynomials
over GF(22m) with o-polynomials over GF(2m) is also presented, and a number of new classes
of permutation polynomials over GF(22m) are obtained.
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1. Introduction
It is well known that every function from GF(q) to GF(q) can be expressed as a polynomial
over GF(q). A polynomial f ∈GF(q)[x] is called a permutation polynomial (PP) if the associated
polynomial function f : a 7→ f (a) from GF(q) to GF(q) is a permutation of GF(q).
Permutation polynomials have been a hot topic of study for many years, and have applica-
tions in coding theory [15, 28], cryptography [16, 17, 20, 24, 23], combinatorial designs [9],
and other areas of mathematics and engineering. Permutation polynomials could have a huge
impact in both theory and applications. For instance, the Dickson permutation polynomials of
order five over GF(3m), i.e., D5(x,a) = x5 +ax3−a2x, led to a 70-year research breakthrough in
combinatorics [9], gave a family of perfect nonlinear functions for cryptography [9], generated
good linear codes [3, 31] for data communication and storage, and produced optimal signal sets
for CDMA communications [8], to mention only a few applications of these permutation polyno-
mials. A lot of progress on permutation polynomials has been made recently (see, for example,
[1, 2, 12, 13, 14, 29, 30, 32], and the references therein).
The objective of this paper is to present five constructions of permutation polynomials over
GF(q2) with those over GF(q). Four of them are recursive constructions, so that a sequence of
permutation polynomials over GF(q2ℓ) can be constructed with only one permutation polynomial
over GF(q), where ℓ is any positive integer. Another construction of permutation polynomials
over GF(22m) with o-polynomials over GF(2m) is also developed. This nonrecursive construction
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gives several classes of new permutation polynomials over GF(22m) with known classes of o-
polynomials over GF(2m).
2. Some preparations
Before presenting the five constructions of PPs over GF(q2) from those over GF(q), we need
to prove a few basic results as a preparation for subsequent sections.
2.1. A general theorem about permutation polynomials
The following is a fundamental result of this paper.
Theorem 1. Let {β1, . . . ,βm} and {γ1, . . . ,γm} be two bases of GF(qm) over GF(q). Let A be an
m×m nonsingular matrix over GF(q) and fi(x) ∈ GF(q)[x] for i = 1, . . . ,m. Then
F(z) = γ1 f1(x1)+ . . .+ γm fm(xm),
where (x1, . . . ,xm) = (z1, . . . ,zm)A and z = β1z1 + . . .+βmzm, is a PP over GF(qm) if and only if
all fi(x), i = 1, . . . ,m, are PPs over GF(q).
Proof. We first prove the sufficiency of the conditions and assume now that all fi(x), i = 1, . . . ,m,
are PPs over GF(q). Let
z = β1z1 + . . .+βmzm, y = β1y1 + . . .+βmym, zi,yi ∈ GF(q),
be two elements of GF(qm) such that F(z) = F(y). Let
(x1, . . . ,xm) = (z1, . . . ,zm)A
and
(u1, . . . ,um) = (y1, . . . ,ym)A.
Then
γ1 f1(x1)+ . . .+ γm fm(xm) = γ1 f1(u1)+ . . .+ γm fm(um).
Since {γ1, . . . ,γm} is a basis of GF(qm) over GF(q), we deduce that fi(xi) = fi(ui) for i= 1, . . . ,m.
Note that all fi(x), i = 1, . . . ,m, are PPs over GF(q). We obtian that xi = ui, and thus zi = yi, as
A is an m×m nonsingular matrix over GF(q). Therefore z = y, and hence F(z) is a PP over
GF(qm).
We now prove the necessity of the conditions, and assume that F(z) is a PP over GF(qm).
Suppose on the contrary that some fi(x) is not PP over GF(q). Without loss of generality, we may
assume that f1(x) is not a PP over GF(q). Then there exist two distinct elements x1,u1 ∈ GF(q)
such that x1 6= u1 and f1(x1) = f1(u1). Let
(y1, . . . ,ym) = (u1,0, . . . ,0)A−1, (z1, . . . ,zm) = (x1,0, . . . ,0)A−1.
Then (y1, . . . ,ym) 6= (z1, . . . ,zm) and y 6= z, since A is an m×m nonsingular matrix over GF(q).
Hence F(z) = F(y) with y 6= z, which contradicts to our assumption that F(z) is a PP over
GF(qm).
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2.2. GF(q2) as a two-dimensional space over GF(q)
In this subsection, we represent every element of GF(q2) as a pair of elements in GF(q) with
respect to a basis of GF(q2) over GF(q).
Let r = q2, where q is a power of a prime. Let β be a generator of GF(r). Then {1,β} is a
basis of GF(r) over GF(q), and any element z ∈ GF(r) can be expressed as
z = x+ yβ,
where
x =
βqz−βzq
βq−β ∈ GF(q), y =
zq− z
βq−β ∈GF(q). (1)
3. A construction of permutation polynomials over GF(q2) with o-polynomials over GF(q)
Throughout this section, let q = 2m, where m > 1 is a positive integer. A permutation poly-
nomial f on GF(q) is called an o-polynomial if f (0) = 0, and for each s ∈ GF(q),
fs(x) = ( f (x+ s)+ f (s))xq−2 (2)
is a permutation polynomial. In the original definition of o-polynomials, it is required that f (1) =
1. However, this is not essential, as one can always normalise f (x) by using f (1)−1 f (x) due to
that f (1) 6= 0.
A hyperoval of the projective plane PG(2,q) is a set of q+2 points such that no three of them
are collinear. Any hyperoval in PG(2,q) can be written as
O f = {(1, t, f (t)) : t ∈ GF(q)}∪{(0,1,0),(0,0,1)} (3)
where f is a o-polynomial over GF(q) with f (0) = 0 and f (1) = 1. Two o-polynomials are called
equivalent if their hyperovals are equivalent.
In this section, we will present a construction of PPs over GF(q2) with o-polynomials over
GF(q) and will give a summary of known o-polynomials over GF(q).
3.1. The construction
Let f be a polynomial over GF(q) and let β be a generator of GF(q2)∗. We now define a
polynomial F(z) over GF(q2) by
F(z) = x f (yxq−2)+βy+ ((z+ zq)q−1 + 1)z
=
βqz+βzq
βq +β f
[(βqz+βzq
βq +β
)(
z+ zq
βq +β
)q−2]
+
(
(z+ zq)q−1 + 1
)
z, (4)
where z = x+βy, x ∈GF(q), y ∈ GF(q) and z are also related by the expression of (1).
Theorem 2. If f is an o-polynomial over GF(q), then the polynomial F(x) of (4) is a PP over
GF(q2).
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Proof. Since z+ zq = (β+βq)y ∈ GF(q) and z+ zq = 0 if and only if y = 0, so (z+ zq)q−1 = 1
when y 6= 0 and 0 otherwise. Hence F(z) = x f (yxq−2)+ βy when y 6= 0, and F(z) = x when
y = 0.
Let z1 = x1 +βy1 and z2 = x2 +βy2. Assume that F(z1) = F(z2). We first consider the case
that y1 = 0 and y2 = 0. In this case, we have
F(z1) = x1 = x2 = F(z2).
Hence x1 = x2, and then z1 = z2. Therefore we may assume that y1 6= 0. In this case, we have
F(z1) = x1 f (y1xq−21 )+βy1 = F(z2) = x2 f (y2xq−22 )+βy2.
Hence y2 6= 0 and y1 = y2 = y since {1,β} is a basis of GF(q2) over GF(q). It follows that
x1 f (yxq−21 ) = x2 f (yxq−22 ). (5)
Since f is an o-polynomial over GF(q), by definition, f0(x) := f (x)xq−2 is a permutation poly-
nomial over GF(q). Note that yxq−2 is also a permutation polynomial over GF(q), which implies
that f0(yxq−2) = yq−2x f (yxq−2) is a permutation polynomial over GF(q). Hence x f (yxq−2) is a
permutation polynomial over GF(q). It follows from (5) that x1 = x2, and so z1 = z2. This proves
the theorem.
In the construction of this section, the o-polynomial property of f (x) is sufficient. But it is
open if it is necessary.
3.2. Known o-polynomials over GF(2m)
To obtain permutation polynomials over GF(22m) with the generic construction of Section
3.1, we need explicit o-polynomials over GF(2m) as building blocks. O-polynomials have many
special properties. For instance, the coefficient of each term of odd power in an o-polynomial is
zero [21].
In this subsection, we summarize and extend known o-polynomials over GF(2m). We also
introduce some basic results about o-polynomials.
3.2.1. Basic properties of o-polynomials
For any permutation polynomial f (x) over GF(2m), we define f (x) = x f (x2m−2), and use f−1
to denote the compositional inverse of f , i.e., f−1( f (x)) = x for all x ∈ GF(2m).
The following theorem introduces basic properties of o-polynomials whose proofs are easy
[21].
Theorem 3. Let f be an o-polynomial on GF(2m). Then the following holds:
a) f−1 is also an o-polynomial;
b) f (x2 j )2m− j is also an o-polynomial for any 1 ≤ j ≤ m− 1;
c) f is also an o-polynomial; and
d) f (x+ 1)+ f (1) is also an o-polynomial.
Although these o-polynomials are equivalent to the original o-polynomial f in terms of their
hyperovals, they may produce different objects when they are used in other applications.
All o-monomials are characterised by the following theorem [11, Corollary 8.2.4].
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Theorem 4. The monomial xk is an o-polynomial over GF(2m) if and only if
a) gcd(k,2m− 1) = 1;
b) gcd(k− 1,2m− 2) = 1; and
c) ((x+ 1)k + 1)x2m−2 is a permutation polynomial over GF(2m).
For o-monomials we have the following fundamental result [11].
Theorem 5. Let xk be an o-polynomial on GF(2m). Then every polynomial in{
x
1
k , x1−k, x
1
1−k , x
k
k−1 , x
k−1
k
}
is also an o-monomial, where 1/k denotes the multiplicative inverse of k modulo 2m− 1.
3.2.2. The translation o-polynomials
The translation o-polynomials are described in the following theorem [25].
Theorem 6. Trans(x) = x2h is an o-polynomial on GF(2m), where gcd(h,m) = 1.
The following is a list of known properties of translation o-polynomials.
1) Trans−1(x) = x2m−h and
2) Trans(x) = x f (x2m−2) = x2m−2m−h .
3.2.3. The Segre and Glynn o-polynomials
The following theorem describes a class of o-polynomials, which are an extension of the
original Segre o-polynomials.
Theorem 7. Let m be odd. Then Segrea(x) = x6 +ax4 +a2x2 is an o-polynomial on GF(2m) for
every a ∈GF(2m).
Proof. The conclusion follows from
Segrea(x) = (x+
√
a)6 +
√
a
3
.
We have the following remarks on this family of o-polynomials.
a) Segre0(x) = x6 is the original Segre o-polynomial [26, 27]. So this is an extended family.
b) Segrea(x) = xD5(x,a) = a2D5(x2
m−2,a2
m−2)x7, where D5(x,a) = x5+ax3+a2x, which is the
Dickson polynomial of the first kind of order 5 [18].
c) Segrea = D5(x2
m−2,a) = a2x2
m−2 + ax2
m−4 + x2
m−6
.
d) Segre−1a (x) = (x+
√
a
3
)
5×2m−1−2
3 +
√
a.
The proof of the following theorem is straightforward and omitted.
Theorem 8. Let m be odd. Then
Segre−11 (x) =
(
D 3×22m−2
5
(x,1)
)2m−2
. (6)
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Glynn discovered two families of o-polynomials [10]. The first is described as follows.
Theorem 9. Let m be odd. Then Glynni(x) = x3×2(m+1)/2+4 is an o-polynomial.
An extension of the second family of o-polynomials discovered by Glynn is documented in
the following theorem.
Theorem 10. Let m be odd. Then
Glynniia(x) =
{
x2
(m+1)/2+2(3m+1)/4 + ax2
(m+1)/2
+(ax)2
(3m+1)/4 if m≡ 1 (mod 4),
x2
(m+1)/2+2(m+1)/4 + ax2
(m+1)/2
+(ax)2
(m+1)/4 if m≡ 3 (mod 4).
is an o-polynomial for all a ∈GF(q).
Proof. Let m ≡ 1 (mod 4). Then
Glynniia(x) = (x+ a(m−1)/4)2
(m+1)/2+2(3m+1)/4 + a2
(m+1)/2+2(3m+1)/4 .
The desired conclusion for the case m≡ 1 (mod 4) can be similarly proved.
Note that Glynnii0(x) is the original Glynn o-polynomial. So this is an extended family. For
some applications, the extended family may be useful.
3.2.4. The Cherowitzo o-polynomials
The following describes another class of o-polynomials.
Theorem 11. Let m be odd and e = (m+ 1)/2. Then
Cherowitzoa(x) = x2
e
+ ax2
e+2 + a2
e+2x3×2
e+4
is an o-polynomial on GF(2m) for every a ∈GF(2m).
We have the following remarks on this family.
1) Cherowitzo1(x) is the original Cherowitzo o-polynomial [4, 5]. So this is an extended family.
2) A proof of the o-polynomial property of this extended family goes as follows. It can be
easily verified that Cherowitzoa(x) = a−2
e−1Cherowitzo1(a1/2x). The desired conclusion then
follows.
3) Cherowitzo(x) = x2m−2e + ax2m−2e−2 + a2e+2x2m−3×2e−4.
4) It is known that Cherowitzo−11 (x) = x(x2
e+1 + x3 + x)2
e−1−1
.
The proofs of the following two theorems are straightforward and left to the reader.
Theorem 12.
Cherowitzo−1a (x) = x(ax2
e+1 + a2
e
x3 + x)2
e−1−1.
Theorem 13.
Cherowitzo = (ax2m−2e−2 + a2ex2m−4 + x2m−2)2e−1−1.
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3.2.5. The Payne o-polynomials
The following documents an extended family of o-trinomials.
Theorem 14. Let m be odd. Then Paynea(x) = x
5
6 + ax
3
6 + a2x
1
6 is an o-polynomial on GF(2m)
for every a ∈ GF(2m), where 16 denotes the multiplicative inverse of 6 modulo 2m− 1.
We have the following remarks on this family.
a) Payne1(x) is the original Payne o-polynomial [22]. So this is an extended family.
b) It can be verified that Paynea(x) = a5/2Payne1(a−3x). The desired conclusion of of Theorem
14 follows.
c) Paynea(x) = xD5(x
1
6 ,a).
d) Paynea(x) = a2
m−3Paynea2m−2(x).
e) Note that
1
6 =
5× 2m−1− 2
3 .
We have then
Paynea(x) = x
2m−1+2
3 + ax2
m−1
+ a2x
5×2m−1−2
3 .
Theorem 15. Let m be odd. Then
Payne−11 (x) =
(
D 3×22m−2
5
(x,1)
)6
(7)
and Payne−11 (x) are an o-polynomial.
Proof. Note that the multiplicative inverse of 5 modulo 2m− 1 is 3×22m−25 . The conclusion then
follows from the definition of the Payne polynomial and the fact that
D5(x,1)−1 = D 3×22m−2
5
(x,1).
3.2.6. The Subiaco o-polynomials
The Subiaco o-polynomials are given in the following theorem [6].
Theorem 16. Define
Subiacoa(x) = ((a2(x4 + x)+ a2(1+ a+ a2)(x3 + x2))(x4 + a2x2 + 1)2
m−2 + x2
m−1
,
where Tr(1/a) = 1 and d 6∈ GF(4) if m ≡ 2 mod 4. Then Subiacoa(x) is an o-polynomial on
GF(2m).
As a corollary of Theorem 16, we have the following.
Corollary 17. Let m be odd. Then
Subiaco1(x) = (x+ x2 + x3 + x4)(x4 + x2 + 1)2
m−2 + x2
m−1 (8)
is an o-polynomial over GF(2m).
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3.2.7. The Adelaide o-polynomials
The last known family of o-polynomials were discovered in [7] and described in the following
theorem.
Theorem 18. Let m be even and r = q2. The trace function from GF(r) to GF(q) is defined by
Tr2(x) = x+ xq. Let b ∈GF(r) such that bq+1 = 1 and b 6= 1 and define
Adelaideb(x) =
Tr2(b)q−2Tr2(bℓ)(x+ 1)+Tr2(b)q−2Tr2((bx+ bq)r1+ℓ)(x+Tr2(b)x2
m−1
+ 1)q−ℓ+ x2m−1,
where ℓ=±(q− 1)/3. Then fb is an o-polynomial.
We need to clarify the definition of this family of o-polynomials. First of all, Adelaideb(x) is
defined as a polynomial over GF(q), while b is an element from the extension field. Secondly,
note that ℓ could be negative. The definition above is a modified version of the original one in
the literature.
4. The first recursive construction
We now present the first recursive construction of PPs over GF(q2) from those over GF(q).
Let f1(x) and f2(x) be two polynomials over GF(q), and let β ∈ GF(q2) \GF(q). Note that
{1,β} is a basis of GF(q2) over GF(q). Let z = x+βy, where x ∈ GF(q), y ∈ GF(q) and z are
also related by the expression of (1). It follows from Theorem 1 that
F1(z) := f1(x)+β f2(y) = f1
(βqz−βzq
βq−β
)
+β f2
(
zq− z
βq−β
)
. (9)
is a permutation polynomial over GF(r) if and only if both f1(x) and f2(x) are permutation
polynomials over GF(q). This proves the following theorem.
Theorem 19. Let f1(x) and f2(x) be two polynomials over GF(q). Then the polynomial F1(z) of
(9) is a permutation polynomial over GF(q2) if and only if both f1(x) and f2(x) are permutation
polynomials over GF(q).
As a special case of Theorem 19, let f1(x) = f2(x) = f (x), where f (x) is a PP over GF(q).
Then this g(x) gives a PP over GF(q2), and the newly obtained PP over GF(q2) gives another
new PP over GF(q4). By recursively applying this construction, we obtain a PP over GF
(
q2i
)
for any integer i.
As a demonstration of the generic construction of this section, we consider a few special
cases below. We start with the so-called p-polynomials. Let q = pm for some m. A p-polynomial
L(x) over GF(q) is of the form
L(x) =
ℓ−1
∑
i=0
lixp
i
,
where the coefficients li ∈ GF(q). It is known that L(x) is a PP over GF(q) if and only if L(x)
has only the root 0 in GF(q) [19, p. 351]. However, this characterization is not really useful for
constructing permutation q-polynomials. The following corollary of Theorem 19 shows that the
generic construction of this section can be employed to construct permutation p-polynomials.
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Corollary 20. Let q= pm for some positive integer m. Let β∈GF(q2)\GF(q). If f1(x) and f2(x)
are two permutation p-polynomials over GF(q), then the polynomial F1(z) of (9) is a permutation
p-polynomial over GF(q2).
As a special case of Corollary 20, let
f1(x) = axph1 and f2(x) = axph2 ,
where a, b ∈ GF(q)∗ and 0 ≤ hi ≤ m− 1 for each i. Then both f1(x) and f2(x) are permutation
p-polynomials over GF(q). By Corollary 20,
a
(βqz−βzq
βq−β
)ph1
+βb
(
zq− z
βq−β
)ph2
is a permutation p-polynomial over GF(q2).
Note that the monomial axu is a PP over GF(q) if and only if a 6= 0 and gcd(u,q− 1) = 1. If
we choose f1(x) and f2(x) in Theorem 19 as monomials, we obtain the following.
Corollary 21. Let 1≤ u ≤ q−1 and 1≤ v≤ q−1 be two integers, and let β ∈GF(q2)\GF(q).
Then
η
(βqz−βzq
βq−β
)u
+ γβ
(
zq− z
βq−β
)v
is a PP over GF(q2) if and only if gcd(uv,q− 1) = 1, where η ∈GF(q)∗ and γ ∈ GF(q)∗.
Any PP f (x) over GF(q) can be plugged into the generic construction of this section to
obtain a PP over GF(q2). So it is endless to consider all the specific constructions in this paper.
However, it would be interesting to investigate the specific permutation polynomials over GF(q2)
from the Dickson permutation polynomials of the first kind over GF(q), which are defined by
Dh(x,a) =
⌊ h2 ⌋∑
i=0
h
h− i
(
h− i
i
)
(−a)ixh−2i, (10)
where a ∈ GF(q) and h is called the order of the polynomial. It is known that Dh(x,a) is a PP
over GF(q) if and only if gcd(h,q2− 1) = 1.
As a corollary of Theorem 19, we have the following.
Corollary 22. Let β ∈GF(q2)\GF(q) and a ∈ GF(q). Then the following polynomial
Dh(x,a) =
⌊ h2 ⌋∑
i=0
h
h− i
(
h− i
i
)
(−a)i
[(βqz−βzq
βq−β
)h−2i
+β
(
zq− z
βq−β
)h−2i]
, (11)
is a PP over GF(q2) if and only if gcd(h,q2− 1) = 1.
5. The second recursive construction
The second recursive construction is a variant of Theorem 19 and is described below.
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Theorem 23. Let β∈GF(q2)\GF(q). Let f1(x) and f2(x) be two polynomials over GF(q). Then
F2(z) := f1
(βqz−βzq
βq−β
)
+β f2
(
(βq− 1)z− (β− 1)zq
βq−β
)
is a PP over GF(q2) if and only if both f1(x) and f2(x) are PPs over GF(q).
Proof. Let x1 = x and x2 = x+ y. The proof is similar to that of Theorem 19 and is omitted.
This is not only a recursive but also a generic construction, into which any permutation
polynomials f1(x) and f2(x) over GF(q) can be plugged.
6. The third recursive construction
Let β ∈ GF(q2)\GF(q). Note that {β+ 1,β} is also a basis over GF(q). Let f1(x) and f2(x)
be two polynomials over GF(q). We now define a polynomial F3(z) over GF(q2) by
F3(z) = f1(x)+β( f1(x)+ f2(y))
= (β+ 1) f1
(βqz−βzq
βq−β
)
+β f2
(
zq− z
βq−β
)
, (12)
where z = x+βy, x ∈GF(q), y ∈ GF(q) and z are also related by the expression of (1).
The following theorem then follows from Theorem 1.
Theorem 24. Let β ∈ GF(q2)\GF(q), and let f1(x) and f2(x) be two polynomials over GF(q).
Then the polynomial F3(z) of (12) is a PP over GF(q2) if and only if both f1(x) and f2(x) are
PPs over GF(q).
Example 25. Let q be an odd prime power. Choose an element b ∈ GF(q) such that x2 − b is
irreducible over GF(q). Let β be a solution of x2− b in GF(q2) (we view GF(q2) as the splitting
field of x2− b over GF(q)). Let
x1 = a11x+ 2ba12y and x2 = a21x+ 2ba22y,
where a11, a12, a21, a22 ∈ GF(q) with a11a22− a12a21 6= 0. Note that {1,β}, β ∈ GF(r)\GF(q)
is a basis of GF(q2) over GF(q). It then follows from Theorem 1 that
((a11 + a12β)z+(a11− a12β)zq)u +α((a21 + a22β)z+(a21− a22β)zq)v , α ∈ GF(r)\GF(q)
is a PP over GF(q2) if and only if gcd(uv,q− 1) = 1.
7. The fourth recursive construction
Throughout this section, let q be a power of 2 and let β ∈ GF(q2) \GF(q). Let f be a
polynomial over GF(q). We now define a polynomial G(z) over GF(q2) by
G(z) = f (yx)+βy+ ((z+ zq)q−1 + 1)z
= f
[(βqz+βzq
βq +β
)(
z+ zq
βq +β
)]
+
(
(z+ zq)q−1 + 1
)
z, (13)
where z = x+βy, x ∈GF(q), y ∈ GF(q) and z are also related by the expression of (1).
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Theorem 26. If f is a permutation polynomial over GF(q), then the polynomial G(z) of (13) is
a PP over GF(q2).
Proof. Since q is a power of 2, we have that z+ zq = (β+βq)y ∈ GF(q). Thus, z+ zq = 0 if and
only if y = 0. It then follows that (z+ zq)q−1 = 1 when y 6= 0 and 0 otherwise. Consequently,
F(z) = f (yx)+βy when y 6= 0 and F(z) = x when y = 0.
Let z1 = x1 +βy1 and z2 = x2 +βy2. Assume that F(z1) = F(z2). We first consider the case
that y1 = 0 and y2 = 0. In this case, we have
F(z1) = x1 = x2 = F(z2).
Thus, x1 = x2, and then z1 = z2. Therefore we may assume that y1 6= 0. We have
F(z1) = f (y1x1)+βy1 = F(z2) = f (y2x2)+βy2.
As a result, we have y2 6= 0 and y1 = y2 = y since {1,β} is a basis of GF(q2) over GF(q). It
follows that
f (yx1) = f (yx2). (14)
Note that y 6= 0. Since f (x) is a permutation polynomial over GF(q), so is f (yx). It follows from
(14) that x1 = x2. Hence, z1 = z2. This proves the theorem.
Notice that the construction of this section works only for the case that q is a power of 2.
8. Further constructions of permutation polynomials
The generic constructions of permutation polynomials presented in some earlier sections are
derived from Theorem 1. In this section, we employ Theorem 1 to get more constructions of
permutation polynomials over GF(q2) and GF(q3).
Theorem 27. Let q be an odd prime power, t a positive integer, and let a,b,u ∈ GF(q). Then
F(z) = az+ bzq +(z+ zq + u)t
is a PP over GF(q2) if and only if a 6= b and (a+ b)x+ 2xt is a PP over GF(q).
Proof. Since q is an odd prime power, 2(q−1) must divide q2−1. Consequently, there exists an
element α ∈GF(q2)\GF(q) with αq =−α. Thus {1,α} is a basis of GF(q2) over GF(q). Put
z = x+ yα,
then zq = x− yα. It follows that
F(z) = (a+ b)x+(a− b)yα+(2x+u)t.
By Theorem 1, F(z) is a PP over GF(q2) if and only if both (a− b)x and (a+ b)x+(2x+ u)t
are PPs over GF(q). It is easily seen that (a+ b)x+(2x+ u)t is a PP over GF(q) if and only if
(a+ b)x+ 2xt is a PP over GF(q). The desired conclusions then follow.
When t = 1, a 6= b and a+b+2 6= 0, it follows from Theorem 27 that F(z) = (a+1)z+(b+
1)zq + u is a PP over GF(q2) for any u ∈ GF(q).
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Theorem 28. Let q be an odd prime power and let t a positive integer. Let α ∈ GF(q2)\GF(q)
with αq =−α and let a,b,u ∈ GF(q).
1. When t is even,
F1(z) = az+ bzq+(z− zq + uα)t
is a PP over GF(q2) if and only if a2 6= b2.
2. When t is odd,
F1(z) = az+ bzq+(z− zq + uα)t
is a PP over GF(q2) if and only if a+ b 6= 0 and (a− b)x+ 2xtαt−1 is a PP over GF(q).
Proof. We first prove the conclusion of the first part. Since αq =−α, {1,α} is a basis of GF(q2)
over GF(q) and α2 ∈ GF(q). Put
z = x+ yα,
where x ∈ GF(q) and y ∈ GF(q). Then zq = x− yα. It follows that
F1(z) = (a+ b)x+(a− b)yα+(2y+u)tαt . (15)
If a+b= 0, then F1(x1 + yα) = F1(x2 + yα) for any x1,x2,y ∈GF(q). Thus F1(z) is not a PP
over GF(q2).
Now we assume that a+ b 6= 0. Let
z1 = x1 + y1α, z2 = x2 + y2α, x1, x2, y1, y2 ∈ GF(q)
such that F1(z1) = F1(z2).
By (15) and αt ∈ GF(q), we have
(a− b)y1 = (a− b)y2, (a+ b)x1+(2y1 + u)tαt = (a+ b)x2+(2y2 + u)tαt .
If a = b, then for any distinct y1,y2 ∈ GF(q), we can obtain two elements x1,x2 ∈ GF(q) with
(a+ b)x1+(2y1 + u)tαt = (a+ b)x2+(2y2 + u)tαt .
Thus F1(z) is not a PP over GF(q2).
If a 6= b, then we have y1 = y2 and (a+ b)x1 = (a+ b)x2, so x1 = x2. It follows that z1 = z2,
which implies that F1(z) is a PP over GF(q2) if and only if a2 6= b2.
Now we turn to prove the conclusion of the second part.. By (15) and αt−1 ∈GF(q), we have
(a+ b)x1 = (a+ b)x2, (a− b)y1+(2y1 + u)tαt−1 = (a− b)y2+(2y2 + u)tαt−1.
Hence by Theorem 2.1, F(z) is a PP over GF(q2) if and only if both (a+b)x and (a−b)x+(2x+
u)tαt−1 are PPs over GF(q). It is easy to see that (a− b)x+(2x+ u)tαt−1 is a PP over GF(q)
if and only if (a− b)x+ 2xtαt−1 is a PP over GF(q). The desired conclusions in the second part
then follow.
Let q be a prime power with q ≡ 1 (mod 3). Then 3(q− 1)|q3− 1, so there is an element
α ∈ GF(q3)\GF(q) and α3 ∈ GF(q). Let α3 = b ∈ GF(q) and ω = αq−1 = b q−13 ∈ GF(q). Then
ω 6= 1 and ω3 = 1,1+ω+ω2 = 0, and {1,α,α2} is a basis of GF(q3) over GF(q). Moreover,
we have
αq = ωα, αq
2
= ω2α.
Similarly, we have the following.
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Theorem 29. Let q be a prime power with q ≡ 1 (mod 3) and let t be a positive integer. Let
a,b,c,u ∈ GF(q). Then
F(x) = ax+ bxq+ cxq2 +(x+ xq+ xq2 + u)t
is a PP over GF(q3) if and only if (a+ bω+ cω2)(a+ bω2 + cω) 6= 0 and (a+ b+ c)x+ 3xt is a
PP over GF(q).
Proof. Let x = x1 + x2α+ x3α2. Since αq = ωα and αq2 = ω2α, we have
F(x) = (a+ b+ c)x1+(a+ bω+ cω2)x2α+(a+ bω2+ cω)x3α2 +(3x1 + u)t .
By Theorem 1, F(x) is a PP over GF(q3) if and only if (a+ bω+ cω2)x, (a+ bω2 + cω)x and
(a+b+ c)x+(3x+u)t are PPs over GF(q). It is easily seen that (a+b+ c)x+(3x+u)t is a PP
over GF(q) if and only if (a+ b+ c)x+ 3xt is a PP over GF(q). The desired conclusions then
follow.
Let symbols and notations be the same as above. We have then the following.
Theorem 30. Let q be a prime power with q ≡ 1 (mod 3) and let t be a positive integer. Let
a,b,c,u ∈ GF(q) and define
F1(x) = ax+ bxq+ cxq
2
+(x+ωxq+ω2xq
2
+ uα2)t .
1. When t 6≡ 1 (mod 3), F1(x) is a PP over GF(q3) if and only if (a + b + c)(a + bω +
cω2)(a+ bω2+ cω) 6= 0.
2. When t ≡ 1 (mod 3), F1(x) is a PP over GF(q3) if and only if (a+b+c)(a+bω2+cω) 6= 0
and (a+ bω2+ cω)x+α2(t−1)3xt is a PP over GF(q).
Proof. Let x = x1 + x2α+ x3α2. Since αq = ωα and αq2 = ω2α, we have
F(x) = (a+ b+ c)x1+(a+ bω+ cω2)x2α+(a+ bω2+ cω)x3α2 +(3x3α2 + uα2)t .
Assume now that t 6≡ 1 (mod 3). We have then α2t 6= dα2 for any d ∈GF(q). Let x = x1+x2α+
x3α2 and y = y1 + y2α+ y3α2, xi, yi ∈ GF(q), i = 1,2,3 such that F1(x) = F1(y).
When t ≡ 0 (mod 3), we have

(a+ bω+ cω2)x2 = (a+ bω+ cω2)y2,
(a+ bω2+ cω)x3 = (a+ bω2+ cω)y3,
(a+ b+ c)x1+(3x3 + u)tα2t = (a+ b+ c)y1+(3y3 + u)tα2t .
We then conclude that x = y if and only if (a+b+ c)(a+bω+ cω2)(a+bω2 + cω) 6= 0; that is,
F1(x) is a PP over GF(q3) if and only if (a+ b+ c)(a+ bω+ cω2)(a+ bω2+ cω) 6= 0.
When t ≡ 2 (mod 3), we have

(a+ b+ c)x1 = (a+ b+ c)y1,
(a+ bω2 + cω)x3 = (a+ bω2+ cω)y3,
(a+ bω+ cω2)x2 +(3x3 + u)tα2t−1 = (a+ bω+ cω2)y2 +(3y3 + u)tα2t−1.
We deduce that x = y if and only if (a+ b+ c)(a+ bω+ cω2)(a+ bω2 + cω) 6= 0; that is, F1(x)
is a PP over GF(q3) if and only if (a+ b+ c)(a+ bω+ cω2)(a+ bω2+ cω) 6= 0.
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When t ≡ 1 (mod 3), we have

(a+ b+ c)x1 = (a+ b+ c)y1,
(a+ bω+ cω2)x2 = (a+ bω+ cω2)y2,
(a+ bω2 + cω)x3 +(3x3 + u)tα2t−2 = (a+ bω2 + cω)y3 +(3y3 + u)tα2t−2.
By Theorem 1, F(x) is a PP over GF(q3) if and only if (a + bω+ cω2)x, (a + b+ c)x and
(a+ bω2 + cω)x+(3x+ u)tα2t−2 are PPs over GF(q); that is, (a+ b+ c)(a+ bω2 + cω) 6= 0
and (a + bω2 + cω)x +α2(t−1)(3x+ u)t is a PP over GF(q). It is straightforward to see that
(a+bω2+cω)x+α2(t−1)(3x+u)t is a PP over GF(q) if and only if (a+bω2+cω)x+α2(t−1)3xt
is a PP over GF(q). The desired conclusion then follows.
9. Concluding remarks
The contributions of this paper are the four recursive constructions of permutation polynomi-
als over GF(q2) with permutation polynomials over GF(q), and the construction of permutation
polynomials over GF(22m) with o-polynomials over GF(2m). The five generic constructions give
infinitely many new permutation polynomials.
Although there are a number of references on o-polynomials, our coverage of o-polynomials
in this paper contains some extensions of known families of o-polynomials. The reader is invited
to settle the two conjectures on the extended families of o-polynomials.
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